We present an extensive set of detailed stellar models in the mass range 7.7-10.5 M over the metallicity range Z = 10 −5 -0.02. These models were produced using the Monash University version of the Mount Stromlo Stellar Structure Program (MONSTAR) and follow the evolution from the pre-main sequence to the first thermal pulse of these super asymptotic giant branch stars. A quantitative comparison is made to the study of Siess. Prior to this study, only qualitative comparisons and code validations existed in this critical mass range, and the large variations in the literature were largely unexplained. The comparison presented here is particularly detailed due to the standardization of the input physics, where possible. The minimum initial mass of star which ignites carbon, M up , was found to agree within 0.2 M between the codes over the entire metallicity range. We find exceptional agreement in the model results between these two codes for all stages of evolution up to and including carbon burning. For additional comparison, we also present results from the EVOLVE code, a modified version of the IBEN code as described in Gil-Pons, Gutiérrez & García-Berro for some important variables during the carbon burning phase. Several numerical tests showed that the carbon burning phase is weakly dependent on the spatial resolution but that inadequate temporal resolution alters the behaviour of the convective zones. We also discovered that stars just below M up may experience a carbon flash that is not followed by the development of the flame. Such aborted carbon burning models thus preserve a CO core surrounding by a 0.2-0.3 M shell of partially burnt carbon material. We present a simplified algorithm for calculating carbon burning that only relies on tracking two species, 12 C and 16 O, but which tests show works quite accurately for the a wide range of initial masses and compositions.
I N T RO D U C T I O N
Stars in the mass range ∼7-11 M are generally referred to as super asymptotic giant branch (SAGB) stars and are the progenitors of oxygen-neon (ONe) white dwarfs and possibly the least massive neutron stars. Their evolution is unique and is characterized by the off-centre ignition of carbon under partially degenerate conditions followed by the propagation of a deflagration front towards the centre. Then, after the formation of an ONe core, the star enters the thermally pulsing SAGB phase where instabilities recurrently develop in the helium burning shell (HeBS) . During this final stage of the evolution, the mass of the degenerate He-free core grows by the accretion of material from the active burning shells. The final fate of the star will then depend on whether or not the core mass E-mail: carolyn.doherty@sci.monash.edu.au reaches the critical value of M EC 1.37 M (Nomoto 1984) above which electron capture reactions start and core collapse becomes inevitable. The outcome of the evolution is thus governed by two competing processes, namely core growth and mass loss. If the latter dominates, the envelope is removed before the core mass reaches M EC and the remnant is an ONe white dwarf, otherwise the collapse of the degenerate core leads to the formation of a low-mass neutron star. The transition mass at which this division occurs has been studied in detail by several authors (Eldridge & Tout 2004; Siess 2007; Poelarends et al. 2008) and is strongly dependent on metallicity which directly impacts the mass-loss rate.
The study of the non-explosive evolution of SAGB stars started just over a decade ago in a series of papers by Garcia-Berro & Iben (1994) , Ritossa, Garcia-Berro & Iben (1996) , Garcia-Berro, , and Ritossa, García-Berro & Iben (1999) . In these early simulations, no mass loss was considered and a solar composition was used. Recently, more models become available exploring the evolution at different metallicities (e.g. Gil-Pons & García-Berro 2002; Siess 2007) and investigating the effects of extra-mixing and binarity (Gil-Pons et al. 2005 Poelarends et al. 2008) . As more and more SAGB studies populate the literature, all find qualitative similarities, despite large variations in the input physics. In particular, the mass interval of SAGB stars (which ranges between M up , the minimum mass for quiescent carbon ignition and M mas , the mass above which the star proceeds through all nuclear burning stages) strongly depends on the treatment of the convective boundaries (Girardi et al. 2000; Siess 2007; Poelarends et al. 2008) . The existence of semiconvective layers surrounding the He burning core is responsible for variations of M up by more than 3 M , the value for stars of solar metallicity ranging between 6 and 9 M in different studies.
In this first paper of a series, we compare the results of computations given by two stellar evolution codes, namely Mount Stromlo Stellar Structure Program (MONSTAR) (Frost & Lattanzio 1996) and STAREVOL (Siess 2007) . Each code is equipped with similar and upto-date input physics and the simulations are started with identical initial conditions and settings concerning the composition, massloss rate and treatment of the convective boundaries. This allows us to concentrate on the differences caused by different implementations of numerical procedures between codes, rather than variations due to changes in input physics. This will enable us to disentangle, for example, the effects associated with extra-mixing from those related to the numerics. For additional comparison, we also present results from the EVOLVE code, a modified version of the IBEN code as described in Gil-Pons et al. (2007) for some important variables during the carbon burning phase.
In the next section, we describe the two main stellar evolution programs and the suite of MONSTAR models computed. Then, evolutionary properties of SAGB stars prior to carbon burning (Section 3) are analysed. Details about the treatment of the energetics of C burning with a limited network as in the MONSTAR code are provided in Section 4 and special attention is paid to analysing how the computation of the C burning phase depends on the space and time resolutions. Then, evolutionary properties of SAGB stars during the carbon burning phase and comparisons with STAREVOL models are presented (Section 4). Conclusions are drawn in Section 6.
S T E L L A R E VO L U T I O N P RO G R A M S
The two main stellar evolution codes used for this study are the Monash version of the Mount Stromlo Stellar Structure Program (MONSTAR) and STAREVOL. The STAREVOL models are those detailed in Siess (2007) . Recent descriptions of MONSTAR can be found in Campbell & Lattanzio (2008) and Karakas & Lattanzio (2007) . The computation of SAGB models has required the implementation of carbon burning in MONSTAR and we describe later some simple approximations made to enable this modelling without increasing the number of species in the nuclear network. The opacity tables have been extended to high temperature following Campbell (2007) and Chieffi (private communication) .
Given the large quantitative differences seen in previous studies of the SAGB, our main aim in this paper is a detailed comparison between our two main codes. To facilitate this, we have used, as much as possible, the same input physics and the same assumptions for some of the more contentious inputs, such as convective borders.
Common elements shared by the MONSTAR and STAREVOL codes as used in this paper are: (i) Strict adherence to the Schwarzschild criterion for all convective boundaries; e.g. no search for a neutrally buoyant point (such as in Lattanzio 1986) and no special treatment for semiconvection (for an investigation of the effect of using the Ledoux criterion, see e.g. Poelarends et al. 2008) .
(ii) Standard mixing length theory (MLT) for convection with α, the mixing length parameter, set to 1.75.
(iii) OPAL opacities (Iglesias & Rogers 1996) for 8000 K < T < 800 MK, supplemented by those of Ferguson et al. (2005) at lower temperatures; conductive opacities are taken from various contributions as described in Siess (2006b) .
(iv) Neutrino losses from Itoh et al. (1996) . (v) Electron screening factors from Graboske et al. (1973) .
(vi) Nuclear reaction rates from the NACRE compilation (Angulo et al. 1999) . Note, however, that MONSTAR only accounts for seven species as opposed to STAREVOL which include 53 nuclides (see Section 4.1). Another important difference in the treatment of energy production comes from the fact that MONSTAR computes the evolution of the nuclear species at each iteration during the convergence process, while in STAREVOL it is decoupled and the nucleosynthesis is solved only once, after the structure has converged.
The major difference between the codes in relation to the input physics is the equation of state. STAREVOL uses the formalism of Pols et al. (1995) whilst MONSTAR uses a numerical integration of the Fermi-Dirac integrals.
Detailed models were calculated using MONSTAR for 23 stars in the mass range 7.7-10.5 M and with metallicities Z = 0.02, 0.008, 0.004, 0.001, 10 −4 and 10 −5 . Initial compositions are as per Siess (2007) , with all other elements taking scaled solar values assuming the Grevesse, Noels & Sauval (1996) composition. All of the stars were modelled from the zero-age main-sequence (ZAMS) through to the first thermal pulse. Mass loss is included via the Reimers prescription with η = 1.0 until carbon ignition when the Vassiliadis & Wood (1993) rate is used.
We have limited this investigation to stars which undergo partially degenerate carbon ignition, but are not massive enough to burn neon. Thus, the maximum SAGB mass M mas for MONSTAR is 10.5 M compared to 10.8 M for STAREVOL. Two representative stars, the 9.5 M Z = 0.02 and 9 M Z = 10 −5 models, are chosen as case studies for our detailed comparison.
The EVOLVE models used in the carbon burning section are taken from Gil-Pons et al. (2007) and are 8.5 M Z = 0.02, and 8.0 and 8.5 M Z = 10 −5 . The EVOLVE code shares the majority of the same input physics. It uses the Schwarzschild criterion for convective boundaries and has the same opacities, neutrino loss rate and initial compositions. Concerning mass loss, these models are computed with constant mass up to the SAGB phase and use the Schröder & Cuntz (2005) prescription thereafter. The nuclear burning reaction rates for hydrogen and helium use the Caughlan & Fowler (1988) compilation compared to the Angulo et al. (1999) rates used in MONSTAR and STAREVOL. We include the EVOLVE models to indicate the effect that varying the reaction rates have, and also as a further comparison for carbon burning.
E VO L U T I O N P R I O R TO C A R B O N B U R N I N G
The evolutionary behaviour of intermediate mass stars (in the mass range ≈ 7-11 M ) prior to carbon ignition is very similar to that of lower mass stars. Both undergo convective core hydrogen burning via CNO cycling, then develop a hydrogen burning shell. For stars with metallicities Z ≥ 0.001, they then undergo first dredge-up.
Helium ignites centrally under non-degenerate conditions, and burns in a convective core. For Z < 0.001, a higher central temperature leads to helium ignition before first dredge-up can occur. Upon exhaustion of central helium, the star ascends the AGB (or, more correctly, the SAGB), where carbon ignites.
The evolution of our comparison stars is shown in the Hertzsprung-Russell (HR) diagrams in Fig. 1 . The log of the central density is plotted against the log of the central temperature in Fig. 2 for the pre-carbon burning phase. We find extremely close agreement between the MONSTAR and STAREVOL code results. The slight difference in the HR diagram is due to differences in the mass-loss prescription. 
Core hydrogen burning
The core hydrogen burning phase of evolution was found to agree very well between the two codes, as might be expected. The maximum mass of the hydrogen convective core (M HB ) and the duration of the core hydrogen burning phase varied by less than 2 and 4 per cent, respectively, between the two codes (for details see Table 1 ). The depth and time of occurrence (not shown) of the first dredge-up also compare very favourably.
Core helium burning
It is usually during the core helium burning (CHeB) phase that evolutionary codes begin to differ substantially. This is due to the presence of semiconvective layers above the helium burning core which can easily become unstable to physical or numerical perturbations (e.g. Straniero et al. 2003) . The time-stepping as well as the mesh-spacing also play an important role in the modelling of this sensitive phase of evolution. In our calculations, both codes are using a strict Schwarzschild criterion for determining the convective boundaries and no extra mixing is accounted for. By standardizing our treatment of the underlying physics in this way, we minimize variations due to the use of different algorithms to handle cases where there is no neutral convective boundary, for example.
The CHeB phase can be characterized by the central temperature, the mass of the helium convective core and the central composition. The results from both codes for the 9.5 M Z = 0.02 case are shown in Fig. 3 . The top panel shows the time variation of the central mass fraction of the three main species:
4 He, 12 C and 16 O. The final values are in excellent agreement. The MONSTAR model attains a slightly higher central temperature as seen in the middle panel. This leads to an increased burning rate which results in a somewhat shorter duration of the CHeB phase (τ HeB ). Of particular interest is the striking similarity seen in the bottom panel between the codes for the maximum convective helium core mass at cessation of helium burning. Overall, the agreement between the codes is extremely good for such a sensitive phase of the evolution. We believe that the discrepancy between the two codes in the duration of the burning phase is due to the difference in the nuclear networks numerical effects and in particular on the use of larger time-steps in STAREVOL (see Section 5).
The situation described above is echoed throughout the metallicity range. Close agreement in the maximum convective core mass and final core abundances are found between the two codes, with the largest discrepancy between the models being the duration of the CHeB phase, which at worst is under 10 per cent (for details see Table 1 ). The results from EVOLVE for the CHeB phase also compare reasonably well with those of MONSTAR and STAREVOL. For instance, for the 9.5 M Z = 0.02 model, the maximum size of the convective core during central helium burning is M HeB = 0.816 M , that is about 5 per cent lower than the result obtained with MONSTAR, and the central carbon mass fraction at helium exhaustion is 0.305, that is about 7.5 per cent lower than the result obtained with MONSTAR. The discrepancies in this case are probably related to the use of different reaction rates (Caughlan & Fowler 1988) , rather than with space and time resolution.
Note that the helium burning reaction rates between the two codes are very similar, with a maximum variation of 2 per cent in the relevant temperature range. Therefore, we do not believe that such variations determine the differences in the C mass fraction that the two codes yield at the cessation of central helium burning. Rather, it is the effect of convective core breathing that determines the variations in C mass fraction. Note that the absence of any systematic trend with metallicity or mass was also found and investigated by Siess (2007) .
C O M P U TAT I O NA L A S P E C T S O F C A R B O N B U R N I N G
The carbon burning behaviour has been described in detail by Garcia-Berro & Iben (1994) and more recently by Siess (2006b) , but we highlight the salient points below. After the cessation of CHeB, the stellar interior contracts, causing an increase in the central density and degeneracy with the peak temperature moving off centre. When the temperature reaches 600-650 MK, the carbon ignites. This carbon ignition, reminiscent of the core helium flash, occurs under partially degenerate conditions and is off-centre, with the ignition position (in mass) decreasing with increasing initial mass. The primary ignition is in the form of a violent flash which develops a convective shell. After quenching of the carbon flash, contraction resumes and a secondary convective zone develops (classified as a flame) which subsequently burns inwards until it reaches the centre where it extinguishes. Carbon continues to burn radiatively outwards, generating secondary convective flashes when regions of high carbon content are traversed. Carbon is not burnt to completion in the central region, with a small amount remaining (between 0.02-2 per cent), the amount dependent on the competition between the duration and temperature of the carbon burning flame (Siess 2006b ). Less massive stellar models are left with more residual carbon. Overall, at the completion of carbon burning, an ONeNa core remains surrounded by an inactive carbon-oxygen shell, as well as helium and hydrogen burning shells and a large convective envelope. At the extremes of the SAGB mass range slightly different behaviour results, which we describe in Section 5.4. Before entering the detailed comparisons of our models, we first describe a simple approximation for carbon burning that was implemented in MONSTAR.
Carbon burning reactions
The energetics of carbon burning is controlled by 12 C + 12 C and 12 C + 16 O reactions. In SAGB stars, the temperature does not exceed 900 MK so the contribution of the 12 C + 16 O reactions is negligible. The STAREVOL code models carbon burning using a detailed reaction network comprised of 53 species and in excess of 180 reactions. The MONSTAR code, however, is more computationally expedient, limiting the reaction network to a small number of species (H, 3 He, 4 He, 12 C, 14 N, 16 O, Z Other ) and including only the most energetic, and therefore structurally important, nuclear reactions. Because detailed nucleosynthesis is performed using a separate post-processing code, MONSOON (Cannon 1993; Lugaro et al. 2004 ), we did not feel it necessary to increase the number of species or reactions in MONSTAR so long as the energetics are correctly modelled. We are aware that the limited carbon burning network in our evolutionary code will not produce the details of core composition, however, this will be achieved after post-processing. We approximate carbon burning through the use of a single overall reaction and corresponding reaction rate to encompass all the energetically important primary and secondary reactions.
The two most active primary carbon burning channels are the 12 C( 12 C, p) 23 Na and 12 C( 12 C, α) 20 Ne reactions, which occur at almost the same rate (Caughlan & Fowler 1988 Ne + 2γ , with the energy generation rate Q per 12 C pair for this overall reaction of 9.355 MeV. This is the lowest possible Q value, as the products all proceed to 20 Ne. Due to the intricate carbon burning behaviour in SAGB stars, a more thorough exploration of the carbon burning approximation was required, focusing on the secondary reactions involving the protons and alpha particles. A significant obstacle to a one-reaction carbon burning network is the time dependence of the variable composition in the carbon burning region, for both the flashes and flames. Indeed, as carbon burning proceeds, the composition of the burning shell becomes more complex, including the ashes of He burning, mainly 12 C, 16 O and trace amounts of 22 Ne and 25, 26 Mg, but also the products of C-burning, namely 20 Ne, 23 Na and 24 Mg. We have approximated the carbon burning reactions in the following way. Each reacting pair of 12 C nuclei are assumed to follow either of two paths with equal (50 per cent) probability:
12 C( 12 C, α) 20 Ne.
Now we consider the fate of the products on the right-hand side. First, for 23 Na, there are two dominant channels at these temperatures:
23 Na(p, α) 20 Ne,
23 Na(p, γ ) 24 Mg.
To allow for the temporal variation of temperature and abundance, we assume 85 per cent of the sodium follow the (p,α) channel and 
Including the Q values for all reactions gives us a total Q = 10.0 MeV for this composite reaction. Note that this allows one to calculate the entire carbon burning evolution, to good accuracy, by including only two species, 12 C and 16 O. We are aware that at the higher end of the temperature regime (T ≥ 850 MK), we are overestimating the Q value by assuming a larger fraction follows the more energetic path to 24 Mg. However, as the majority of carbon burning takes place below this temperature, we are confident that this overestimate does not affect the results significantly. To test the effect of the energetics of the carbon burning network, models were run with Q values of 9.355, 10 and 10.5 MeV for the 9.5 M Z = 0.02 case. The changes to the flash/flame morphology due to variation in Q were minor, with an increased Q value leading only to a 5 per cent increase in the duration of the carbon burning flame. As extra energy is injected into the star when Q is greater, the convective region extends further outwards in mass and mixes in more fresh carbon, leading to a slightly longer lived flame. A comparable, or possibly larger effect, is that the higher Q value produces a lower temperature and hence a lower neutrino luminosity. This effect also adds to the longer duration of carbon burning. The maximum carbon burning luminosity during the primary flash L C flash shows negligible variation.
The rate of the overall carbon reaction chain is set by the slowest reaction, in this case the 12 C( 12 C, p) 23 Na reaction. The dependence of the carbon burning behaviour on the rate of the 12 C + 12 C reactions was seen to play a minor role by Siess (2006b) . We note, however, that a change to the carbon burning reaction rate will effect L C flash , with a lower carbon burning rate leading to a more violent and luminous flash, since higher temperatures will be reached. A slower carbon burning rate also affects the central conditions, with an increased density and decreased temperature at carbon ignition.
We also tested the effect of varying the proportion of 16 O reacting and hence the relative production of 20 Ne relative to 24 Mg. The composition of the cores was slightly altered but the effects on the flame/flash morphology and luminosity of the primary carbon flash were negligible.
Although the details of the changes in flash/flame morphology are of interest, more important is the effects that modest variations in Q, reaction rate or product abundance have on the carbon-oxygen (CO) core mass, fraction of unburnt carbon and depth of second dredgeup (2DUP). These quantities dictate the stars' further evolution and the nature of their subsequent demise. In all test models, these variables are barely affected with, at maximum, less than 1 per cent variation in both the CO core mass and depth of 2DUP and a 4 per cent variation in the mass fraction of 12 C remaining. This shows the robustness of our simple implementation of carbon burning. Timmes, Woosley & Taam (1994) , and more recently Garcia-Berro et al. (1997) and Siess (2006b) have suggested that to adequately model the convective carbon burning behaviour, in particular the flame propagation to the centre, extremely stringent temporal and spatial resolution is required. In MONSTAR, these resolutions are determined by placing constraints on the changes in mass, luminosity, pressure, temperature, radius and composition between meshpoints. Our usual spatial constraints are:
Spatial and temporal resolution
where the differences are between adjacent mesh-points. We also constrain the fractional change in the abundance of species i between two mass shells j and j + 1 to be
with f = 7.5. The temporal resolution is determined by analogous relations for the variables at the same mesh-point between consecutive models:
We supplement this with conditions on the change in luminosity given by
where the differences are taken between consecutive models. To find the most appropriate resolution, a series of test models were run with the settings above divided by a factor F space for the spatial variations and a factor F time for the time variations (our standard case, obviously, has F space = F time = 1). We ran test cases with our usual resolution as well as with these constraints tightened by factors of 2 and 4 (F space = 1, 2, 4, F time = 1, 2, 4), giving nine cases in total.
During carbon burning the mesh spacing is dictated primarily by the luminosity restrictions, whilst the time-step is driven by the pressure and temperature restrictions. When F time = 1 and F space = 1, 2 or 4, the resulting flash/flame morphology is the same and consists of three primary flashes and a flame. However, when F space = 1 and with increased time resolution (F time = 2 or 4), the convective behaviour changed, then consisting of one primary flash and a flame. For the most stringently resolved case (when F space = F time = 4), the convective behaviour also consisted of one primary flash and a flame. This suggests that the time-step must be sufficiently short for carbon burning convective behaviour to be adequately modelled, given an adequate spatial resolution.
The MONSTAR carbon burning temporal and spatial standard/default resolutions chosen for our calculations were F space and F time = 2, which produces resolution finer than that recommended by Timmes et al. (1994) . The models contain between 1500 and 2000 mesh shells and time-steps between 2 × 10 −2 − 50 yr in the carbon burning phase. This compares well with Siess (2006b) whose mesh spacing is dictated by a 10 per cent variation in luminosity and other variables.
We note that, although the flash/flame morphology is considerably different with differing temporal resolutions, the most important global properties for the subsequent evolution, such as core composition, depth of 2DUP and core mass show negligible variations, within 4 per cent for the remaining core carbon content and less than 1 per cent in the mass of the core.
C O M PA R I S O N O F T H E R E S U LT S O F T H E C A R B O N B U R N I N G P H A S E
Here, we present a detailed comparison between the MONSTAR and STAREVOL code results, focusing on our two illustrative stars, the 9.5 M Z = 0.02 and the 9 M Z = 10 −5 models, for the carbon burning phase until the first thermal pulse. We also compare the results from three EVOLVE stellar models, for the carbon ignition position.
In all models, carbon ignites at degeneracy ψ ≈ 2.7, temperature ≈640 MK and density ≈10 6 g cm −3 . The contraction time from the cessation of the CHeB until the first convective carbon ignition τ CB−HeB are detailed in Table 2 and show remarkable similarity. Fig. 4 shows the evolution of a selection of characteristics during the carbon burning phase for both codes for the 9.5 M Z = 0.02 star. The primary carbon flash can be identified by the sharp peak in L C in the top panel which also includes the behaviour of the helium (L He ), hydrogen (L H ) and neutrino (L ν ) luminosities. The luminosity of the flashes and flames vary slightly between the codes, with the primary flash more intense in the STAREVOL model. The next panel highlights the similarity in the convective behaviour; the relative positions of events in time as well as the depth of the 2DUP are both very similar. The positions of first ignition in mass, m ign and corresponding CO core mass, defined as point of maximum energy generation by helium burning, are 0.513 and 1.122 M in MONSTAR compared to 0.534 and 1.095 M in STAREVOL. Despite having comparable convective core masses at the end of helium burning and very similar contraction times between the end of central helium burning and the onset of carbon burning (τ CB−HeB , see Table 2 ), by the time of carbon ignition the CO core masses between the models have diverged, with the MONSTAR model systematically retaining a slightly more massive CO core (a few percent). The cause of this divergence is MONSTAR burning He faster, which leads to a higher core growth rate. This effect was also seen when comparing the duration of core He burning. Although the rates for the 3α and 12 C(α, γ ) rates are almost identical between the codes, MONSTAR always burns helium more efficiently compared to STAREVOL. The origin of this difference is hard to trace as many factors contribute to modify the thermal structure of the helium burning region, including the space and time resolutions which are different between the codes. However, when a further model was computed using the STAREVOL code with a much finer time resolution during the contraction phase, τ CB−HeB was seen to increase from 2.373 to 2.444 × 10 5 yr. This increased contraction time led to a larger CO core at carbon ignition, 1.125 M compared to 1.095 M previously. This STAREVOL core mass now closely matches the 1.122 M found with MONSTAR. We conclude that the differences appearing during core He burning are due to larger time-steps usually taken in the STAREVOL code, and a small reduction in this would bring the codes into even closer agreement during this demanding phase.
The second bottom panel of Fig. 4 depicts the evolution of both central temperature and maximum temperature with time. Here, we see that the maximum temperature in the STAREVOL models is slightly greater which leads to faster carbon burning as the flame speed is proportional to T 14 (Timmes et al. 1994) . Lastly, the bottom panel of this figure shows the close agreement of the stellar radius and surface luminosity. Overall the agreement between the two codes is excellent. Fig. 5 shows profiles of some relevant variables at different times during the carbon burning phase of evolution of the 9.5 M Z = 0.02 star. These profiles show close agreement in the three plotted variables but for the slight difference in the core mass. We also note that carbon is depleted more rapidly in STAREVOL but the final core composition is very similar.
Examination of the central conditions (Fig. 6) indicates that the point of ignition varies between the codes, with the MONSTAR models igniting at slightly higher temperature and lower density. When the flame reaches the centre, the MONSTAR models show comparable temperatures but are at a lower density. These modest differences are attributed to the high dependence of the central conditions on the carbon burning reaction rate as well as both spatial and temporal resolutions, and also on differences in core mass. To test the effect of the difference in CO core mass, we have also compared a 9.3 M MONSTAR model which has a CO core mass comparable to the 9.5 M STAREVOL model. We can see the close similarity of the T c − ρ c evolution during the main carbon burning phase until the central temperature suddenly jumps above 4 × 10 8 K when the flame reaches the centre. The differences shown in the Fig. 6 after that moment can be ascribed to some numerical effects (time and space resolution), but these small differences have no impact on the subsequent evolution.
As illustrated in Fig. 7 , the differences between the 9 M Z = 10 −5 models are again minimal. Starting with an initially more massive CO core, the 2DUP is postponed to near the end of carbon burning and unlike the 9.5 M Z = 0.02 case, hydrogen does not reignite during the flame's propagation to the centre. Another point of interest is the smaller temperature range in the core. There is a slight difference between the speeds of the convective envelopes' inward penetrations.
The duration of the carbon burning 1 is a decreasing function of the CO core mass which depends on initial metallicity and stellar mass. As indicated in Table 2 , the carbon burning duration in the MONSTAR models is longer by ≈15 per cent for models of the same initial mass. The most likely cause of this difference is the interplay of slight differences in the carbon burning energy generation rate and resolution. As the overall carbon burning phase of evolution is very short (<40 000 yr), the variation in duration is of negligible importance to further evolution. The duration of the carbon burning phase shows no direct dependence on initial metallicity at a given core mass.
In the more metal-rich stellar models, the stellar mass at carbon ignition, M CB , varies between the two codes with the MONSTAR model consistently more massive. This discrepancy is primarily due to the shorter duration of helium burning in the MONSTAR models reducing the total mass lost. In the lower metallicity models, this difference is negligible as the mass loss is less efficient. Note. 'M' signifies calculation with MONSTAR whilst 'S' represents the STAREVOL code. M ini is the initial mass; τ CB−HeB is the contraction time defined as the time between the end of central He burning and C-ignition; M CB is the total mass at carbon ignition, M COi is the carbon-oxygen core mass at the time of the primary carbon flash; m ign is the mass of base of the first convective flash; L C flash is the maximum carbon luminosity during the flash; M SDU is the maximum depth of the 2DUP; M SAGB is the total stellar mass at the first thermal pulse; M ONe is the ONe core mass at the first thermal pulse; M CO is the mass of the CO core at the first thermal pulse. 
M up values
An important quantity determining the ultimate fate of the star is the minimum initial mass M up above which carbon ignites. This value varies greatly between authors, ranging from 6 to 9 M for solar composition models (e.g. Siess 2007) . Over the metallicity range discussed in this study, the MONSTAR and STAREVOL codes have a difference in M up of ≈0.2 M , with the M up value consistently lower in the MONSTAR models. This is again a consequence of MONSTAR having larger core masses at carbon ignition as a result of a faster helium burning rate. In any event, the differences here are usually swamped by different ways of calculating the burning and mixing during CHeB.
Ignition conditions
In Fig. 8 , we plot the ignition position m ign (in M ) and the maximum carbon burning luminosity achieved during the primary flash L C flash versus CO core mass for all computed models using MONSTAR and STAREVOL. We also include model results from the EVOLVE code for three stellar models, sufficient to populate the entire core mass range. Excellent agreement between the m ign values is found in all three codes' results. From the top panel of Fig. 8 , we deduce that for a given core mass the ignition position does not depend on the initial metallicity since all the points follow the same relation and also that m ign 0.8 M for both codes, a result also found by Timmes et al. (1994) and Poelarends et al. (2008) . This study has only included stellar models which have experienced an efficient 2DUP which has reduced the core mass to below the Chandrasekhar limit. Models which ignite carbon more centrally (m ign 0.2 M ) avoid the 2DUP and will evolve as massive stars through all the nuclear burning stages.
The bottom panel of Fig. 8 shows the close agreement of L C flash with the differences between the STAREVOL and MONSTAR code increasing in the higher core mass range where M CO > 1.24 M . As found in Section 4.1, a modest change in carbon reaction rate can change the flash luminosity L C flash , with a slower rate leading to a more violent (luminous) flash.
Given that the position in mass of carbon ignition is dependent not only on the equation of state, neutrino losses and energy generation rates, but also a range of other contributing factors, the extreme similarity between the three code results here, tend to indicate that there exists a kind of universal relation between these quantities.
Second dredge-up
As found by Garcia-Berro et al. (1997) , the stage of evolution when the 2DUP occurs in SAGB stars changes with initial mass. In lower mass SAGB stars, it is prior to carbon burning; while in the massive SAGB stars, it occurs after cessation of carbon burning. As discussed in Siess (2007) and Poelarends et al. (2008) , massive stars avoid the 2DUP and therefore keep massive H-free cores. The presence of the 2DUP is thus of uttermost importance for the subsequent evolution of the star as it decreases its core mass below the Chandrasekhar limit. Poelarends et al. (2008) found, using the STERN (Langer 1998; Heger, Langer & Woosley 2000) and EVOL (Blöcker 1995; Herwig 2000) codes that the depth of the 2DUP forms a distinct discontinuity between models which have efficient 2DUP and those that do not experience 2DUP at all. No models are left with core masses between ≈1.4-2.6. We find this discontinuity in depth of 2DUP in both MONSTAR and STAREVOL codes. Comparison of the numbers in Table 2 again shows a very good agreement between the codes concerning the depth and position in time of 2DUP.
Low-and high-mass SAGB stars -aborted carbon burning and dredge out
In the very lowest mass SAGB models, carbon ignition occurs within the outer ≈0.2 M of the CO core. Due to this far offcentre ignition, only a very brief primary carbon flash results. When this flash is extinguished, carbon burning ceases entirely. These models are left with a CO core surrounded by a ≈0.2-0.3 M shell comprising material that has undergone only partial carbon burning.
For example, an 8.75 M Z = 0.02 MONSTAR model shows this aborted carbon ignition (and is hence not defined as a SAGB star). The CO core mass at ignition is 1.058 M and the ignition occurs at m ign of 0.799 M . The initial flash is quite violent with a luminosity maximum L C flash of 2.519 × 10 8 L . This is only slightly more energetic than other MONSTAR models, which go on to burn carbon completely. The duration of the flash is only 370 yr. After the carbon burning ceases, this model is left with a CO core only slightly less massive than stars which do complete carbon burning, such as the 8.6 M Z = 0.008 model which has a CO core mass of 1.062 M .
The ignition conditions (such as the density, degeneracy and temperature) in these cases are not clearly distinguishable from the more massive stellar models which do burn carbon. We note that some STAREVOL models have CO core masses less than 1.058 M but undergo complete carbon burning. This suggests that the core mass boundary for aborted carbon ignition can be affected by temporal and spatial resolution, as well as the carbon burning rate. Aborted carbon ignition occurs over a very small mass range <0.2 M below M up .
On the other hand, the most massive SAGB star models undergo a 'dredge out' event Siess 2006a) . Near the cessation of carbon burning, the massive ONe core is contracting and releases large amounts of gravitational energy which heat up the He-rich layers. The temperature increase induces the development of a convective instability in the helium shell which grows in mass and eventually meets the inward-moving convective envelope.
In this study, the only model that underwent a dredge out event was the STAREVOL 10 M Z = 0.008 model. Determining which models will show a dredge out event is not strictly a function of the core mass. This is seen in Table 2 where STAREVOL models with more massive CO cores (e.g. 9.5 M Z = 0.004) and comparable total masses do not undergo dredge out events. No MONSTAR models included in this study undergo dredge out events. The reason for this is that dredge out in MONSTAR models occurs in slightly more massive cores (and initial stellar masses ≈0.2 M greater) than the STAREVOL models, and hence larger than included in this study. Due to this, and the lower M Up value obtained, the MONSTAR code SAGB models cover a larger initial mass range by ≈0.4 M . We note here that the temporal and spatial resolutions near the end of carbon burning are important in these massive SAGB models as the intensity and duration of the secondary carbon flashes (which can be modified by changes in resolution) feed the interplay between the gravitational and nuclear burning luminosities that causes a dredge out event. A thorough exploration of the evolution and nucleosynthesis that occur in SAGB star models at the extremes of the mass range will be described in a forthcoming paper in this series. Table 2 presents some variables at the time of the first thermal pulse; the total stellar mass (M SAGB ), the ONe core mass (M ONe defined as the point where the abundance of 12 C is equal to that of 20 Ne) and M CO , the CO core mass, for the all stars studied. The duration of carbon burning is longer in the MONSTAR models and this compensates for the shorter CHeB phase, resulting in the total mass at the first thermal pulse M SAGB converging more closely with the STAREVOL values. Greater discrepancies are found in the more metalrich models that suffer stronger mass loss. In the majority of the models tabulated, M ONe is greater than the mass of the CO core at carbon ignition (M COi ). The lowest mass SAGB stars are the exceptions. As they have initially ignited carbon so violently, the carbon content in these outer layers was depleted enough that secondary C-flashes near the H-He boundary will not occur. Close agreement is found between the two main code results, with an average of ≈0.04 M difference in the M ONe and M CO . The discrepancy in the core masses does not stem from any difference in the carbon burning behaviour, but is simply due to more rapid helium burning, during both the contraction phase and carbon burning itself, in MON-STAR. This always results in more massive stellar cores than those found by STAREVOL. When considering the further evolution of these stellar models and their ultimate fate, the CO core mass is of vital importance. At the cessation of carbon burning, the core mass differences correspond to approximately 0.2 M difference in initial stellar mass.
To the first thermal pulse

C O N C L U S I O N S A N D F U T U R E W O R K
Careful tests of the spatial and temporal resolution have confirmed that the carbon burning phase weakly depends on the spatial resolution but that inadequate temporal resolution alters the behaviour of the convective zones. An unexpected result is the fine temporal resolution required during the contraction phase prior to carbon ignition. The time-steps in this phase have to be less than ≈2000 yr for consistent results. We emphasize again the need for relatively small time-steps when calculating the evolution of SAGB stars.
With the consistently comparable results between STAREVOL and MONSTAR for stars with the same core mass, we are confident that our nuclear energy generation treatment of the carbon burning is appropriate. We have used one reaction to simulate the carbon burning network and have shown this performs extremely well over a substantial metallicity and mass range when compared to a full network. The benefit is computational time savings with minimal loss in accuracy. The minimum initial mass of star which ignites carbon M up was found to agree within 0.2 M between the two codes over the entire metallicity range.
We also report the existence of stellar models where carbon burning is aborted. Such models, close to the M up limit, leave the star with a CO core surrounded by a relatively thick (0.2-0.3 M ) shell of partially burnt carbon material.
In conclusion, we find excellent agreement between MONSTAR and STAREVOL for the entirety of stellar evolution until the first thermal pulse. The thermally pulsing phase of evolution and yield production with varying input physics will be described in detail in forthcoming papers in this series.
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